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Abstract. We construct in an abstract fashion the orbifold quan- 
tum cohomology (quantum orbifold cohomology) of weighted pro- 
jective space, starting from the orbifold quantum differential op- 
erator. We obtain the product, grading, and intersection form 
by making use of the associated self-adjoint D-module and the 
Birkhoff factorization procedure. The method extends to the more 
difficult case of Fano hypersurfaces in weighted projective space. 
However, in contrast to the case of weighted projective space it- 
self or a Fano hypersurface in projective space, a "small Birkhoff 
cell" can appear in the construction; we give an example of this 
phenomenon. 



1. Introduction 



The weighted projective space 



) = C n+1 -{0}/C*, z-(z ,...,z n ) = (z 



■w 



Z0- 



z~ Wn z 



provides a simple test case (see [3], [2], [12]) for the recently developed 
theories of orbifold cohomology and orbifold quantum cohomology. Di- 
rect geometrical calculations are difficult, but mirror symmetry sug- 
gests an alternative and very effective approach: Corti and Golyshev 
conjectured (see [6], [5]) that the structure constants can be read off 
from 



T w — q = Y\_( w i^d)(wihd — H) . . . (wihd 



[Wi 



i)h) 



q, 



i=0 



where d = q-^; this is an ordinary differential operator of order s = 

En 

This generalizes the well known quantum differential equation of pro- 
jective space CP n = P(l, . . . , 1). Namely, the equation {{hd) n+1 —q)y = 
is a scalar form of the system 

/Vo\ ( q\ fy \ 

1 



hd 



\yj 



V 



f 
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where the matrix is interpreted as that of quantum multiplication by 
the generator b G H 2 CP" with respect to the standard cohomology 
basis 1, b, . . . , b n . Thus, 



from which all quantum products b % o V can be computed. 

The conjecture of Corti and Golyshev was proved in [3], by extend- 
ing to orbifold quantum cohomology a well known method of Givental 
for quantum cohomology. The method has three steps. First, a basis 
of solutions of the quantum differential equation is written down - 
the /-function. Then, the orbifold version of Givental's Mirror The- 
orem shows that the /-function is equal to the /-function, a certain 
generating function for Gromov-Witten invariants. This is the most 
substantial ingredient, but specific properties of weighted projective 
spaces are not required. Finally, the structure constants for the orb- 
ifold quantum product are extracted from this /-function by a method 
which involves repeated differentiation. 

The first goal of this paper is to give a straightforward version (al- 
luded to in the introduction to [3j) of the last step, using the Birkhoff 
factorization method of [8]. This amounts to using the differential 
equation (D- module) rather than its solution (I-function). 

The second goal, and the main emphasis of the paper, is to study 
in its own right the differential equation (T w — q)y = (or rather, 
the D-module D h /(T W — q), where D h is a certain ring of differential 
operators). It is remarkable that such a simple differential operator 
contains all relevant geometrical information concerning the orbifold 
quantum cohomology, which is complicated and non-intuitive even in 
the case of P(u>o, • • • , w n ). 

In section [2] we review some standard notation, and in section [3] 
we state the results of [3J for weighted projective spaces. In section 
HI we give a systematic derivation of these results from the quantum 
differential equations. 

In section [5] we indicate how the Birkhoff factorization method ex- 
tends to hypersurfaces of Fano type in weighted projective spaces. This 
generalizes the method of [13] for Fano hypersurfaces in weighted pro- 
jective spaces. It presents a new feature: instead of the "big cell" of 
the Birkhoff decomposition, in general a "small cell" is needed. Alter- 
natively, this method can be interpreted as a "big cell factorization" 
followed by a Gram-Schmidt orthogonalization procedure. 

The first author is very grateful to Alessio Corti for explaining the 
conjecture and the basic ideas of orbifold quantum cohomology; the 
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main idea for extracting the structure constants of F(wq, . . . ,w n ) was 
originally worked out with him, and Alessio also explained the geometry 
behind the hypersurface example for which a D-module interpretation 
is presented here in section El He also thanks Hiroshi Iritani for many 
essential explanations, and Josef Dorfmeister for discussions on the 
Birkhoff decomposition. 

2. Notation for orbifold cohomology 

We write f(w , . . . , w n ) = P(w) from now on. As far as possible we 
shall follow the notation of [3] for orbifold cohomology. First, let 

F = | < i < wj - 1, < j < n} 

= {A, ...,f k } where = f x < f 2 < ■ ■ ■ < f k < f k+1 = 1 . 

Let Ui,...,Uk be the "multiplicities" of the fractions ft, ■ ■ ■ , fk as ele- 
ments of F. We write 

s = ui H h u k = w + h w n . 

The positive integer Ui can also be described as the cardinality of the 
set S h = {j | Wjfi E Z} C {0, . . . , n}. 

The additive structure is given by 

k 

H* OThi F(w)^($H*F(V fi ) 

8=1 

where V h = {(z , . . . , z n ) E C" +1 | z 3 = if j $ S fi } S C u \ The 
subspace of H* rhi F(w) corresponding to if*P(V/J has a basis of the 
form 

l fi ,l fi p,...,l fi p Ui -\ 

where p G H^ Thi P(w) and lf i denotes a certain class in H* rhi F(w). In 
particular, when % = 1 we have U\ = n+1 and generators 1 , lop, ■ ■ ■ , loP n ; 
we shall just write l,p, . . . ,p n in this case. 

The orbifold cohomology of F(w) is commutative and associative, 
with identity element 1. It has a natural grading, in which 

IWI = |l/ i | + |p 7 '| = 2agel /i + 2j. 

Here, age l h = {u x + . . - fas = (-w fi) H h (-w n fi) where 

(r) = r — max{z G Z | i < r}. The orbifold cohomology also has a 
nondegenerate symmetric "intersection pairing" ( , ), which generalizes 
the Poincare pairing for ordinary cohomology. 

We record the following properties for later use. 

Lemma 2.1. 



(1) fi + fj = 1 ifi+j = k + 2. 
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(2) u { = uj ifi + j = k + 2. 

(3) u 2 -\ VUi = u k+2 ~i H \- u k for 2 < i < k. 

Proof. The involution / i— > 1 — / preserves FU{1}. It maps f\ < ■ ■ ■ < 
fk+i to 1 — fk+i < • • • < 1 — fi, so these sequences must coincide. This 
proves (1), then (2) and (3) follow immediately. □ 

3. The structure constants: statement of results 

As mentioned in the introduction, a key role is played by the s-th 
order differential operator 

n 

T w — q = Y\_( w i^9)(wihd — h) . . . (wihd — — 1)K) — q 

i=0 

= W™h s fld(d-±)...(d-^) - q, 

8=0 

where s = YH=o w i, w w = Y\4=q w 7'> an< ^ & = QT' This n °tation for 
the parameter h and the complex variable q is standard. 

In this section we state without explanation how the structure con- 
stants of orbifold quantum cohomology — and, in particular, of orbifold 
cohomology itself — may be extracted from the differential operator 
T w — q. A systematic explanation will be given in the next section. 

Using the formula dq~ l = q^ 1 (d—l), we may factorize the differential 
operator q~ l T w in the following way: 

q~ 1 T w = m k q- Ah (hd) Uk rrik^q-^ihd)^- 1 ... m iq ~ Al {hd) Ul 

" V ' V V ' V v ' 

fcth factor k— 1th factor 1st factor 

where 

\ = fi+i - m = JJ Wj, 

for 1 < i < k. Thus we have Yli=i m * = wW an d Y2i=i ^« = 1- We shall 
need the following symmetry properties later on, which follow directly 
from Lemma [2. 11 

Lemma 3.1. 

(1) A; = Aj ifi + j = k + l. 

(2) rrii = rrij ifi+j = k + 2. 

Let us rewrite the factorization above as 

<rX = ■! hd -±- hd ... ±hd 

^ w r s r s _i n 

where: 
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Definition 3.2. For 1 < a < s, 

I 1 otherwise. 

Then the result of [3] may be stated as follows: 
Theorem 3.3. Denote by Cq, . . . , c s _i the additive basis 

of H* rbi F(w) . Then the matrix of orbifold quantum multiplication by p 
with respect to this basis is given by 

/0 r s \ 

r x ' ■ . 

V r a _i 0/ 

That is, we have p o a = r i+1 c i+ i for < i < s — 1 and p o c s _i = r s c . 
In particular, p is a cyclic generator of this ring. 

The orbifold structure constants (giving the product structure of 
H* rhi F(w)) are obtained by setting q = in the above matrix. Al- 
though the matrix itself gives only the products involving p, all other 
products can be deduced. 

4. Direct approach from the D-module 

The structure constants in Theorem 13 . 31 were computed in [3] from the 
I-function (i.e. solution of the differential equation (T w — q)y = 0) and 
the mirror theorem of Givental. In this section we discuss a somewhat 
different procedure: we construct "abstract orbifold quantum cohomol- 
ogy" from T w — q itself. To prove that our abstract orbifold quantum 
cohomology agrees with the usual orbifold quantum cohomology, it is 
still necessary to appeal to the mirror theorem, so in this sense our 
procedure relates only to the extraction of information from the differ- 
ential equation. However, our procedure is probably the most direct 
way, especially in the case of hypersurfaces, of obtaining the orbifold 
degrees and orbifold Poincare pairing as well as the structure constants. 

We follow [8] and chapter 6 of [9], although the orbifold case presents 
some new features. Let us consider the the D^-module 

M = D h /(T W - q) 

where D h denotes the ring of (ordinary) differential operators generated 
by Hd with coefficients in the ring O of functions which are meromor- 
phic in a neighbourhood of q = and holomorphic in a neighbourhood 
of h = 0. Here, (T w — q) denotes the left ideal generated by T w — q. 
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The D -module M. is free of rank s over O. With respect to the 
natural basis 1, hd, . . . , (hd) 8 " 1 , the matrix of the action of d is of the 
form 

n = ±uj + e {Q) + m {1) + ■■■ . 

More precisely, if we identify M. with the space of meromorphic sections 
of the trivial bundle, we may regard 1, hd, . . . , (hd) 8 " 1 as a local basis of 
sections, and the action of d on Ai defines a connection on the bundle, 
with local connection matrix Q. 

If we replace hd by an abstract (commutative) variable p, then set 
h = 0, we obtain from M. a commutative ring generated by p which 
is subject to the relation w w p s — q, and with a distinguished basis 
l,p, . . . ,p s ~ l . Restricting the coefficients to be polynomials in q 1 ^ for 
convenience, we obtain the "abstract orbifold quantum cohomology 
ring" 

QA = C[p,q 1/s }/(w w p s -q). 

The matrix of Theorem 13.31 does indeed satisfy the relation w w p s — q, 
so our ring QA is isomorphic to the orbifold quantum cohomology ring 

of ph. 

In order to define "abstract orbifold Gromov-Witten invariants" (struc- 
ture constants) we shall introduce a ring A, the "abstract orbifold co- 
homology ring" , such that QA = A <g> Cfg 1 ^]. A choice of basis of each 
ring will give a specific isomorphism 5 : QA = A Cfg 1 ' 8 ], hence an 
A (gi C[g 1 / s ]-valued product operation 

aob = 5(5- 1 (a)5- 1 (b)) 

on A with all the expected properties of the orbifold quantum product. 

For this, our main task will be the construction of a suitable basis. 
The main step is to transform the basis 1, hd, . . . , (hd) 8 ' 1 to a new 
basis, with respect to which the connection matrix has the form 

h = \Cj 

n 

where u> is independent of h. In the case of a Fano manifold, the 
transformation procedure is explained in detail in chapter 6 of [9]. It 
involves a Birkhoff factorization L = L_L + of a matrix-valued function 
L such that Q = L~ 1 dL, after which one defines Cl = (LJ)~ l dL_. The 
basis 1, hd, . . . , (hd) s ~ l is transformed to the new basis L+ 1 ■ 1, L+ 1 ■ 
hd,..., L; 1 ■ (hd) 8 - 1 , where L; 1 • (hd)* means J2^ll( L +)j^ ( hd ) j ■ 

In general it is difficult to carry out such Birkhoff factorizations. 
However, the factorizations needed in the present article can be carried 
out explicitly by the finite algorithm given in pQ and section 6.6 of [9]. 
In the case of weighted projective spaces themselves (though not for 
hypersurfaces) , the differential operator factorization given in section 
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[3] provides a short cut to an immediate explicit answer. Namely, we 
introduce directly a new basis P , . . . , P s _i by defining 

P Q = 1 and Pi = —hdPi-x 

Ti 

for 1 < i < s — 1. By construction, with respect to this basis of 
D h /(T W ), the matrix of d has the form |u), where Cj is the matrix of 
Theorem V 



The Birkhoff factorization is given implicitly by this. Namely, L A 
may be read off by regarding the above basis as L+ 1 ■ 1, L+ 1 ■ hd, . . . , L+ 1 
(hd) d -\ We have L+ = Q (I + HQ 1 + --- + h k ~ 2 Q k „ 2 ) where 



I m ^ 



Q 







\ 



momi 



\ q fk lj 

where m = 1 and Qi, ■ ■ ■ , Qk-2 are constant. 

We shall use the above basis to construct in turn a product operation, 
a grading, and a pairing. 

1. The product 

Let us group the basis elements of M. as follows: 



(nay for o<i< Ul -i 

(hd) i m 1 q~ Al (hd) Ul for < i < u 2 - 1 

(hdym iq ~ Al (hd) Ul . . . m fc _ 1 g' Afc - 1 (frd)^- 1 " 1 for < i < u k - 1 

Replacing hd by p we obtain a corresponding basis of QA. We introduce 
the algebra A by declaring that this basis of QA corresponds to the 
following basis of A ® C[g 1//s ]: 

1, p, p^- 1 - 
l /2 , l /2 p, l h p U2 ^] 

I/,- !/,/'• •••• 1 /,/'"' ; 

By definition, the action of p on A ® Cfg 1 ^] is given (with respect to 
this basis) by the matrix of Theorem [331 As 1 is a cyclic generator, this 
action extends to a product operation on A® C[g 1//s ], that is, it allows 
us to define the product of any two elements l^p 7 , l/ fc p z - We denote 
this product by l/^p 7 ° l/ fe £>', and regard A <g> C[g 1//s ] as the abstract 
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orbifold quantum cohomology ring of ¥(w). A concrete example is 
given below. 

2. The grading 

The differential operator T w — q is homogeneous of weight 2s, if we 
assign weights as follows: \h\ = 2, \d\ = 0, \q\ = 2s. The differential 
operators Po, . . . , P 8 -i are also homogeneous. Indeed, from the formula 
for P Ul+ ... +Ui , its weight is 

|P ul+ ... +Ui | = 2(«i + • ■ ■ + Ui) - 2s(A 1 + h Aj) 

= 2(ui H h Mi) - 2s/ i+ i 

= 2agel /i+1 . 

It follows that our product operation satisfies 

IV Wl = IWI + IWI 

where | | denotes the usual orbifold quantum cohomology grading. 

5. Self-adjointness and the pairing 

We shall obtain a natural identification of the P ft -module .M = 
.D 71 / (T w — q) with a "dual" P ft -module; this will give us a pairing on 
.M, and a nondegenerate symmetric bilinear form on A. This pairing 
will turn out to be a C[g 1 / s ]-linear extension of a pairing on A. We 
shall use the notation of section 6.3 of [9]. 

First, the Z) ft -module M* is defined to be the space of C-module 
homomorphisms M. —>■ O. The D ft -module structure is given by 

(h ■ 7T)(P) = ^TT(P), (di ■ tt)(P) = -tt(^ ■ P) + J-tt(P) 

for 7r G A<*. 

Next, we denote by Ai* the P ft -module obtained from Ai* by revers- 
ing the sign in the action of h. That is, Ai* = Ai* (as O- modules), 
but with action of D h given by h tt = —Hit, d{ 7r = di ■ it. 

Let 5o, ■ ■ ■ , S s -i be the basis of M* = M* (over O) which is dual to 
the basis 1, Hd, ... , (hd) 3 ' 1 of 

Proposition 4.1. 

(%) 5 n zs a cyclic element of M* (that is, D h 5 n = M*). 

(2) (T w - q ) & 5 n = 0. 

(3) The map M. — > [P] h- > [P 5 n ] is an isomorphism of D h - 
modules. 

Proof. Let P *, . . . , P*_ x be the basis of M* which is dual to P , . . . , P a _i. 
For readability we shall omit square brackets throughout this proof. 
Note that P* — 8^ for % = 0, . . . , n. 



We claim that 




f P* 

n—a 


Pa S n = | 


1 mi j 

1 rrn+i 




P* = 
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= 5„_q, when 0<a<U\ = n+l, 

°s+n-a wnen M H \~ Ui < 0t < U\ -\ h U i+1 , 

5 n when a = s. 

Assuming this, the first two formulae (for a — 0, . . . , s — 1) prove (1). 
In the third formula P* = <L, P s means —hd—^—hd. . . —Hd, which is 

q~ x T w , so this gives (2). The third statement is an immediate conse- 
quence of (1) and (2) (cf. section 6.3 of [9]). 

To prove the claim, we shall make use of 

WP a = r a+1 P a+ i (*) 

hdQP: = r a P* a _ 1 (**) 

and the value of r a given in Definition 13. 2[ 

The case 0<a<ui — n+1. 

Since r = • • • = r n = 1, from (**) we have P a Q 5 n = (hd) a © P* = 
p* 

n—a ' 

The case U\ + ■ • • + U{ < a < U\ + ■ ■ ■ + u i+ i . 

We shall prove this by induction on % = 0, 1, . . . , k — 1 (regarding the 
previous case as i = 0). 

(i) If a — u± H — • + Ui for some i > 1, we have 

P a $n = m i q~ Ai hdP a - 1 5 n by (*), as r a = m^q * 

= miq~ Ai Hd © ^Ps + „-( a -i) (inductive hypothesis) 

= m 1 g- A 'r s+n _ Q+1 P; +n _ a by (**). 

Now, s + n — a + 1 = s + U\ — [u\ + • ■ ■ + ui) = s — {uk+2-i H h Mfc) 

(by Lemma 12.11) = «! + ••• + (This argument applies only if 

i > 2, but the case i = 1 is obvious.) Hence 



tuk+l-i m fc+1 _i y rrn+i 

by Lemma O We obtain P a © 5 n = ^P; +n _ a . 
(ii) If u\ + • — h Ui < a < U\ + ■ — I- ttj+i for some i, then 
Pa © 5 n = hdP a ^i <5 n by (*), as r a = 1 

= ^ ^ P s+n-(a-i) (inductive hypothesis) 



■ s +n-a+lP* +n - a by (**). 



mj+i 

Here we have s + n — a + 1 — U\ H h — / with < / < ttj+i 

Mfe+i-j (from Lemma 12. II) . so r s+n _ a+ i = 1. We obtain P Q © 5 n 
^-P^r, „ again. 

T/ie case a = s. 
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We have 

P s 5 n = m k q~ Ak hdP s ^ 5 n by (*) 

= rrikq~ Ak hd © ^P* +l (inductive hypothesis) 
= miq~ Ak r n+1 P* by (**). 

Here we have r n+ \ = r Ul = ^-<? Al , and Ai = A^ by Lemma [3TTI so we 
conclude that P s S n — 8 n . □ 

The natural composition Ai x Ai ^ M.* x Ai ^ O, making use of 
the above isomorphism Ai — > Ai*, defines a pairing. We normalize it 
as follows: 

Definition 4.2. ({P, Q)) = -±-(P & 5 n )(Q) (= J-(P & 5 n )(Q))- 
Corollary 4.3. We have 

^5 n - a ^ ifO < a < mi, 

- L -5 s+n _ a ^ if U\ H h Uj < a < ui H h M i+ i, i > 1. 

Our normalization ensures that the induced pairing on A agrees with 
the usual Poincare intersection pairing on the cohomology of ¥(w); it 
is known from [11] that (l,p n ) = l/(w . . .w n ). The induced pairing 
on A Cfg 1 / 5 ] satisfies the Frobenius property (see section 6.5 of [9]). 
Hence, by the cyclic property, it agrees with the orbifold quantum 
Poincare intersection pairing. 

This concludes our construction of an abstract orbifold quantum 
product, grading, and pairing directly from T w — q, and our verification 
that they agree with the usual ones. 

Example 4.4. P(l,2,3) 

We have Wq — l,u>i = 2, io 2 = 3 and s = 1 + 2 + 3 = 6. The 
differential operator is 

T w -q = hd 2hd(2hd - h) 3hd(3hd - h)(3hd -2h)-q 
= 2 2 3 3 ffd 3 (d - §)(<9 - \){d -§)-?. 

This has order 6, and it is homogeneous of weight 12, where \K\ =2, 
M = 12- 

We have F = {°, |, |, §, |, f } = {0, |, |, §}, so u a = 3, m 2 = 1, m 3 = 
1,1*4 = 1- It is convenient to display all relevant data in the following 




diagram: 
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w = 1 


wi = 2 


U>2 = 3 




% = {0,1,2}, a = o 




i 



2 




3 


Ai = !, 777,i = 6 


s h = {2}> h = \ 






1 
3 


A 2 = |,777 2 = 3 


s f 3 = I 1 )) h = \ 




1 

2 




A 3 = i, m 3 = 2 


S U = I 2 }, U = \ 






2 

3 


A 4 = |, 777 4 = 3 



In the central 4x3 block, the number of entries in the 7-th row is Ui, 
and the number of entries in the j-th column is Wj-\. 

The factorization is 



<rX = ^{hdfiq-^ihdf^q-^ihdf^q-^ihdf. 



The bases of M. and A constructed above are: 



i,hd,(hdf i,p, P 2 

6q-^(hd) 3 li 

3 

3q-^(hd) 6q-*(hdf li 

2q~hd 3q~hd 6q-^(hd) 3 I2 

3 

The matrix of structure constants (quantum multiplication by p) with 
respect to this basis is 



1 





1 



i * 
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These products determine all others, and we obtain the following orb- 
ifold quantum multiplication table: 





1 
1 


P 


n 2 
P 


± l 

3 


j. i 

2 


1 o 

± 2 

3 


1 


1 


P 


p 2 


1 1 

3 


-1 

1 1 

2 


12 

3 


V 




n 2 
P 








1 I 


n 2 
P 








6^ 3 


1 I 

6<P 


1 I 

sQ 3 P 


li 

3 










l 

qep 


2p 2 


ll 

2 










3p 2 


3 


12 

3 












2 ±i 

j 2 



Orbifold cohomology products are obtained by setting q = in this 
table. Note that p generates the orbifold quantum cohomology, but 
not the orbifold cohomology. Ages and degrees are as shown below: 



age 1 = 


|1| = 


\p\ = 2 


\p 2 


= 4 


age 1 1 = 1 






3 


= 2 


age li = 1 




111 1 =2 

2 




age 1| = 1 






II2 

3 


= 2 



Finally, the pairing on M. is given by ((Pi, Pj)) — | if % + j — 2, 
((P 3 ,P 5 )) = ((P 5 ,P 3 )) = |, and ((P^ P^)) = \ (with all other products 
zero). □ 

Example 4.5. P(l, 1,3) 

In this case we have orbifold classes with fractional degrees. We just 
state the results, as the calculations are very similar to those in the 
previous example. First, the data is 





Wq = 1 


Wi — 1 


u> 2 = 3 




5 A = {0,1,2}, A = 




1 




1 




3 


Ai = |,mi = 3 


s f2 = { 2 }> h = \ 






1 
3 


A 2 = |,m 2 = 3 


s h = {2}> h = I 






2 
3 


A 3 = |,m 3 = 3 
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and we have 

g-X = q" l 3 3 h 5 d^{d - l){d - |) = Sq-^hdYSq-^hdYSq-^hd) 3 . 
The orbifold quantum multiplication table is 





1 


P 


P 2 


li 

3 


la 

3 


1 


1 


P 




li 


1| 


P 




P 2 






i«» 


p 2 






i -i 


l 2 

9? 3 


i i 
±qzp 


ll 

3 








1 I 


P 2 


12 

3 










li 

3 



where l,p,p 2 , li, I2 correspond to 1, hd, (hd) 2 , 3q s^hd) 3 ,3q 3(^,9)3g l(hd) 3 . 
We have 



age 1 = 


|1| = 


\p\ = 2 


\p 2 


= 4 


1 4 

age 1 1 = 

3 d 








li 

3 


_ 8 
3 


age 1 2 = | 

3 J 








I2 

3 


_ 4 
3 



and the pairing is given by ((Pi,Pj)) — | if i + j — 2, ((P 3 ,P 4 )) = 
{(P4, P3}) = I (with all other products zero). □ 



5. Hypersurfaces in weighted projective space 



Corti and Golyshev conjectured that the orbifold quantum cohomol- 
ogy of a hypersurfacdll 

X d C F(w) 

of degree <i is governed by the differential operator 

n 

h s Y[{wid){wid-1) . . . (wid-(wi-l)) - qh d {dd+l) . . . {dd+{d-l)){dd+d). 

(this operator appears in section 7.3 of [B] without the h factors; also 
in [S] for the Calabi-Yau case s = d, where the h factors cancel out). 
The method of [3] (based on Givental's Mirror Theorem) supports this 
conjecture in the Fano case, i.e. when s > d. 

In the spirit of the preceding sections, we shall give a method which 
extracts a canonical "abstract orbifold quantum cohomology" ring from 



It is assumed that the hypersurface is positioned so that it inherits all singular- 
ities of P(w). 
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this differential operator. We verify that it gives the orbifold quantum 
cohomology of X 3 C P(l, 1, 1,2), a nontrivial example which has been 
computed geometrically by Corti (|4J). We shall always assume that 
s > d, although our approach applies also when s = d (cf. section 6.7 
of 0). 

Since dq = q(d + 1), we have 
qh d d d {d + i)...(<9+^)(d + £) = h d d d (d - . . . (d - ±)(<9 - 
which shows that both summands of 

n 

w w h s l[d(d-±)...(d-^) - qh d d d (d+±)...(d + ^)(d+i) 

i=0 

contain a factor of hd. Cancelling this factor from the left hand side, 
we obtain an operator of order s — 1 (in terms of -D ft -modules, we 
quotient out by the trivial D^-module D h / {hd)). We calHthis operator 
T wlr .. tWn — qSd-x' 

n 

w w h s ~ 1 Y[ d{d - . . . {d - s^l) - q h d ~ 1 d d {d + ±) . . . (d + ^1) 

1=1 



Here we have assumed that Wq — 1. For simplicity, we shall also 
assume that w±, . . . ,w n are such that no further left- cancellations of 
the above type are possible. It follows that the D ft -module 

M = D n /(T Wu ... jWn - qSdr-i) 

is irreducible. In the general case, an irreducible Z} n -module is obtained 
by left-cancelling all common factors (see [B]), and our method can in 
principle be applied to that. 

Observe that the case d = 1 gives T Wl t ,„ tWn — q, which is the operator 
associated with P(u>i, . . . , w n ), as expected. The case Wi = ■ ■ ■ = w n = 
1 (hence s = n + l) gives {hd) n — qSd-i, which is the operator associated 
with a degree d hypersurface in CP™, denoted by M d +l in [TJ] . 

As in section [2} we define 

F = {± | < i < wj - 1, l<j'<n} 

= {A> ■ ■ ■ , fk}- 

and denote by Ui, . . . , the multiplicities of fx, . . . , fk- However, n x = 
n here. We use the notation A i; mj as in section [SI Thus, we have a 
factorization 

q^T Wl Wn = -±- hd -±- hd ... ±hd 

2 The abbreviation T w always means T Wo Wn . 
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and we can introduce P = 1 and Pj = —hdPi_i for 1 < i < s — 2. 
The equivalence classes of the operators P , . . . , P s _ 2 form a basis of 
the PAmodule D h /{T Wl _ Wn - qS d ^). 

As in section HI the action of d defines a connection on the bundle 
whose space of sections is M.. However, when d > 2, the connection 
matrix fl with respect to the basis P , . . . , P s _ 2 is not of the form hli. 
To achieve this form (which is the starting point for the construction 
of a product operation) we must construct a new basis. 

It will be convenient to construct such a basis in two steps. 

Step 1 The method of [T4] produces a basis P , . . . , P s _ 2 , with respect 
to which the connection matrix has the form ^uj. Let us review that 

n 

method here. As in our discussion of the Birkhoff factorization method 
in sectionlU the new basis is given by L^ 1 -P , -Pi, . . . , L^ 1 -P s ._ 2 , for 
a certain "gauge transformation" L + = Qo(I + hQ\ + •■■). In contrast 
to the situation of section HI there is no short cut to finding L + here. 
However, L + can be found as the unique solution of the system of 
ordinary differential equations 

\Cj = L+tlL- 1 + L + dL- 1 

which satisfies the initial condition L + \ q= o = I. It is proved in [H] that 
the system reduces to a system of algebraic equations for Qo,Qi,. . . 
which can be solved by an explicit algorithm. 

Example 5.1. X 3 C P(l, 1, 1, 1, 1) = CP 4 

In the notation of [14J this is Mf . As this example is worked out in 
detail in Examples 3.6, 5.4, 6.24, 6.36 of [9J we shall just summarize 
the results of the calculations. 

First, we have the differential operator 

q-'Tt^ -S 3 = q-\hdf - 3 3 h 2 (d + + §). 

With respect to the basis P = 1,P 1 = hd, P 2 = (hd) 2 , P 3 = (hdf the 
connection matrix is 

/ 6g/i 2 \ 
i 1 27qh 
" ~ » 1 27g ' 

V 1 / 

The gauge transformation L + = Qo(I + hQi) can be found by solving 
the o.d.e. \u = L+VtL^} + L+dL^ 1 subject to L + \ q=0 = I. This gives 

\ J 



Qo 



1 21q 
1 

1 



Qi 
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The new basis is P = 1, A = hd, P 2 = (hd) 2 -6q, P 3 = {hdf-2lqhd- 
6hq, and the matrix of the connection form is 

/ 6g 36q 2 \ 
15q 
1 6q 



Ci = i 

n 



with respect to this basis. □ 

The basis P , . . . , P s _ 2 allows us to construct a product operation as 
in section HI Unfortunately, this product does not in general satisfy 
the Frobenius property!! with respect to the natural pairing (which will 
be defined below). For this reason it is necessary to modify the basis 
further. 

Step 2 For w\ = ■ ■ ■ = w n = 1 (see [Hj), Step 1 is based on the Birkhoff 
factorization L = L_L + , where L is a map such that L~ l dL = Q, 
and Step 2 is unnecessary. For general wi,...,w n (but still with the 
assumptions of this section), the combined effects of Step 1 and Step 2 
may be described in terms of the general Birkhoff factorization 

L = L_^L + 

where j(h) = diag(^ a °, . . . , h as ~ 2 ). Step 1 amounts to applying the 
gauge transformation L+ 1 to Q, giving Cl = |c2); Step 2 amounts to 
applying another gauge transformation G^ 1 to Cl, giving a connection 
matrix Cl = jw which satisfies the required condition. 

To explain G, we must review the Birkhoff decomposition 
AGL s _iC = [J A-GL^C 7 A+GL^C 

(Theorem 8.1.2 of p2]), where T denotes the set of homomorphisms 
from S 1 to the diagonal matrices in GL s _iC If 7 is restricted to an 
appropriate subset, e.g. the homomorphisms satisfying ao < • • ■ < a s _2, 
then this decomposition is a disjoint union. The "big cell" is the piece 
given by 7 = J; it is a dense open subset of the identity component of 
AGL s -iC The "small cells" (where 7 7^ I) have finite codimension in 
AGL^C. 

The term "cell" is used here because the decomposition is equivalent 
to the A_GL s _iC-orbit decomposition 

AC7L S _ 1 C/A+C7L S _ 1 C = [j A_GL S _ X £ [7] 

of the infinite-dimensional Grassmannian Gr^^ 1 ^ = AGL S _ 1 C/A + GL S _ 1 (' 
(see section 8.3 of [13J). It is analogous to the cell decomposition, 



More precisely, the natural pairing is not R- valued on this basis. 
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or cell-bundk^] decomposition, of a finite-dimensional generalized flag 
manifold Gc/P given by the orbits of an opposite parabolic subgroup. 

For (orbifold) quantum cohomology, a modification of GV^ -1 ) is needed 
(see sections 5.3 and 10.4 of [9J), but we shall just explain the proce- 
dure in the case of Gr^^ 1 ^ itself, from which all other cases follow. 
The main point is that the "cell" A_GL s _iC [7] is diffeomorphic to 
a unipotent subgroup Al of A_GL s _iC (Theorem 8.6.3 of p2]). This 
shows that any map L which takes values in A_GL s _iC 7 A + GL s _iC 
(and therefore admits at least one factorization L = L^ / yL + ) has a 
canonical factorization 

L = L c _ 7 L\. 

The factor L c _ is the "most economical" choice for L_. The same phe- 
nomenon occurs for finite-dimensional generalized flag manifolds. The 
simplest example is CP": the i-dimensional cell C l can be described as 
an orbit of the group of upper triangular matrices in GL n+1 C, but more 
economically as an orbit of a certain z-dimensional unipotent subgroup 
(see chapter 14, part III, of [7]). 

Step 2 amounts to extracting the economical factor L c _ from L_7. 
More precisely, by Theorem 8.6.3 of [13], we can write 

L = L_ r yL + 

= l c _lL^l + 

where L{_ denotes the "superfluous factor"; this is a polynomial in fr 1 
and satisfies // 7 = 7L+ where L + is polynomial in h. (The canonical 
factorization of L is then given by L = L c _ 7 L\ with L\ = L f + L + .) To 
find the desired map L, such that L~ x dL = Q = we must factorize 
L c _ further as 

Li = LE 

where E is independent of h. 

Thus, Step 2 involves applying the gauge transformation G^ 1 = 
(ELl^)- 1 . As in Step 1, we seek G' 1 = T l {Z + \Z X + ■ ■ •) such 
that GQG^ 1 + GdG^ 1 is of the form jw. The condition 

\Cj = GQG- 1 + GdG' 1 

may be regarded as a system of o.d.e. for Z , Z%, . . . , which we can 
attempt to solve as in Step 1. 

At this point, however, we have not specified the homomorphism 7. 
For the moment we just assume that there exists some 7 and some G 



The cell decompositions here arise from Morse functions; the cell-bundle de- 
compositions arise from Morse-Bott functions. 



IS 



MARTIN A. GUEST AND HIRONORI SAKAI 



of the above form, so that we have 

n = \u 

n 

with respect to the new basis P = G^ 1 ■ P , . . . , P s _ 2 = G^ 1 ■ P s _2- 
Subject to this assumption, we are now ready to construct an "ab- 
stract orbifold quantum cohomology ring" , which will be isomorphic 
to C[6, q 1 K a - d >]/(w w b a - 1 - dfiqb^ 1 ). 

1. The product 

Let A be the vector space with basis denoted by the symbols 

1, p, p^ 1 ; 

1/*, •"/,/'• .... h-J>' h ; 

We define QA to be A^Clq 1 '^" 1 ^] with the product structure specified 
by saying that the matrix of multiplication by p is Co. 

2. The grading 

The differential operator T Wl ^_ jWn — gS^-i is homogeneous of weight 
2s — 2, if we assign weights as follows: \h\ = 2, \d\ = 0, \q\ = 2s — 2d. 
The differential operators Po, . . . , P s _i are also homogeneous, and their 
weights are by definition the degrees of the corresponding abstract orb- 
ifold quantum cohomology classes listed above. Since u is homoge- 
neous, this makes QA a graded ring. 

3. Self-adjointness and the pairing 

We have the following analogue of Proposition 14.11 

Proposition 5.2. 

(1) 5 n -i is a cyclic element of M* (that is, D h <5 n _i = M*). 

(2) (T Wl; ... )Wn - qS d ^) 5 n _! = 0. 

(3) The map M. — > A4* , [P] h [P0 5 n -i] is an isomorphism of D h - 
modules. 

Proof. We omit the proof, which is similar to that of Proposition 14.11 
and which will be given in a more general context elsewhere. □ 

The pairing obtained from the natural composition AixAi — > A4* x 
A4 — *■ O will be normalized in a different way from Definition 14.21 i n 
order to take account of the degree of the hypersurface: 



Definition 5.3. ((P, Q» = ^(P©M(Q)- 
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We can now explain the choice of the homomorphism 7 in Step 2 
above. It arises from the fact that the isomorphism A4 — > A4* is 
not "homogeneous", in general. We must choose a , . . . , a s _ 2 with the 
property that the elements 

h- ao P U, • • • r a - a P a -2 © $n-l 

of Ai* have minus the weighted degrees of the elements Po, . . . , P s - 2 
(not necessarily in the same order). It is natural to impose the addi- 
tional condition that aj is independent of j for u\ + ■ ■ • + Ui < a,j < 
U\ + ■ — h — 1; in this case there is a unique solution 

a j = \i. u i + Yl\=2 u i + - ( s - 

for u\ + ■ ■ • + Ui < aj < ux + ■ • • + Ui+i — 1. At this point we must 
extend the ring D h to D ' i.e. we allow negative powers of h. 

Example 5.4. X 3 C P(l, 1, 1, 2) 

We have Wq — W\ — w% — 1, W3 — 2 and s — 5, d — 3. The 
differential operator is 

We have F = {f , f , §, \} = {0, |}, so u x = 3,u 2 = 1. As in section H 
we can display the data as follows: 





Wi = 1 


U> 2 = 1 


w 3 = 2 




S fl = {1,2,3}, A = 




1 




1 



2 


Ax = §,mi = 2 


% = {3}, f2 — \ 






1 
2 


A 2 = |,m 2 = 2 



The factorization of q x Ti t i^ is 

q- l T lX2 = 2q- 1 2(hd)2q- L 2(hdf = ^hd) 1 -^) 3 , 

where r = \q^ ■ Thus, our starting point is the basis Po = 1, -Pi = fcd, 
P 2 = (hd) 2 , P 3 = ^(hd) 3 . We have \r\ = 2, so the degrees of these basis 
elements are 0, 2, 4, 4. With respect to this basis we have 

/ 6h 2 r\ 

1 21hr 

1 27r 

r 



n 



\ 



J 



Step 1 The gauge transformation L + x is given by 
(I 12r 2 \ / / 



30r 
1 



i + h 



I2r\ 
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Application of L+ 1 produces the new basis A = Po, A 

"3 



Pi, P2 



P 2 - 12r 2 P , P 3 = P 3 - 30rP 1 - 12hrP . With respect to this basis, we 
have 



n 



( 12r 2 
1 

1 

V 



18r 2 



-36r 3 \ 
— 3r 



We omit the details of this calculation, which is similar to those in [T 

Step 2 Since the degrees of AjA> A;A are 0,2,4,4, the degrees of 
A 6 2 , A 6 2 , A 82, A © ^2 are -4, -2, 0, 0, which are not the 
same as —0, —2, —4, —4. To remedy this, it suffices to replace P 3 by 
h~ 1 P3 and repeat the calculation. Thus, we take the homomorphism 
7 (/i) = (1,1,1, ft). 

To find the gauge transformation which is necessarily of the 

7 _1 Z = 7~ 1 (Z + 1^1), we must attempt to solve the 

\ZCj = ^rf x Z + dZ 

subject to the initial condition Z\ q=Q = diag(l, 1, 1, |). 

Equating the coefficients of each power of h gives a collection of 
equations for the coefficients of Z Q , Z\ and u. These equations can be 
solved, and produce 



form G 1 
o.d.e. 



/I 



\ 



1 

-2r 



+ 



— 6r 2 2r 



and we obtain 



/ 12r 2 



12r 2 



V 



1 

3r 



/ 



This is the connection matrix with respect to the new basis Pq 



1, P\ = hd,p 2 



2r 



61- 



Pl,P 3 



3h 



P 3 + f Pi (obtained by 



applying G to the previous basis P , Pi, P2, P3). 

Explicit expressions for L f _,E can be read off from the factorization 
■'- 1 (Li)- 1 E- 1 , which is 



G- 1 = (ELt-f)- 1 = 7 
/l \ (\ 



\ 



3 2 
2' 



_3 

2 

|3r 



r\ / 1 



1 / 



3 ™2 

2 



1 

-2r 



ORBIFOLD QUANTUM D-MODULES 



21 



Now we can construct our product operation on A <g> C[r], where 
A is the vector space with basis elements l,p,p 2 , li. The matrix of 

2 

structure constants (abstract orbifold quantum multiplication by p) 
with respect to this basis is, by definition, the matrix Co. 

These products determine all others, and we obtain the following 
orbifold quantum multiplication table: 





1 P 


p 2 


ll 

2 


1 


1 p 


p 2 


l! 

2 


p 


p 2 + 12r 2 - 


-3rli Ylr 2 p 

2 


rp 


p 2 




108r 4 + 36r 3 li 

2 


12r 3 


ll 

2 






V - 3rl i 

2 



Defining agel^ = ||P U1+ ... 1H _ 1 |, we obtain: 



age 1 = 


|1| = 


\p\ = 2 


\p 2 


= 4 


age 1 1 = 1 

2 






2 


= 2 



These results agree with the orbifold Gromov-Witten computations of 
Corti (ij). 

It follows, in particular, that the Frobenius property must hold for 
our product operation. We conclude by indicating why this follows 
independently from our D- module calculation. First, by direct calcu- 
lation from Definition I5.3[ we obtain 

/ 3 



((Pi,Pj)) 



0<a,/3<3 



and 



(Pi, Pj) 



0<a,/3<3 



/ 

V 



9 r 2 
2' 



\ 



W + fr 2 J 



S, say). 
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By construction (see the discussion following Definition 6.14 of [§]), 
our product satisfies the Frobenius property with respect to the pairing 
whose matrix is S. The latter happens to agree with the matrix of the 
orbifold Poincare pairing from [I]. 

This gives rise to an alternative interpretation of Step 2 of our proce- 
dure. Namely, starting from P , Pi, P 2 , Ps we apply the Gram-Schmidt 
orthonormalization procedure to obtain a basis Oq,0\, 02,0% which 
is "orthonormal" with respect to the above pairing in the sense that 
((O^Oj)) = | for i + j = 2 and ((0 3 ,0 3 » = \ (and {(O u O,-}) = 
otherwise). There are many ways to do this, but a further Birkhoff 
factorization (of the form L = L-L+) always produces the above basis 

Po, Pi, P2, P3- 

The explanation for the uniqueness of Po, Pi, Pi, P3 is as follows. 
Our original version of Step 2 involves a Birkhoff factorization of the 
form L = L_7L + . The Frobenius property is satisfied if and only if 
L_ is a twisted loop with respect to the involution defined by S, i.e. 
S~ 1 (L t _)~ 1 S = L-(—h) (section 6.5 of [9]). Now, if there exists some 
twisted L, for example, from any Gram-Schmidt orthonormalization, 
and 7 is twisted, then L_ must also be twisted, as the Birkhoff decom- 
position is valid also for the twisted loop group. By the uniqueness 
of the (canonical form of the) Birkhoff decomposition L = L C _^L C + , we 
always obtain the same L c _. □ 
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